Abstract-In this paper, we derive matched filter bound (MFB) expressions for the performance of hierarchical quadrature amplitude modulations ( -HQAM) over time-discrete multipath Rayleigh fading environments with diversity. The expressions are valid for multipath environments where different paths and antennas can be correlated. Since hierarchical constellations are usually employed to achieve unequal bit error protection, the MFB expressions are given in terms of the individual bit error rate (BER) for the different bit streams. Although typically the MFB is obtained assuming slow time varying channels, fast varying channels are also considered in this paper.
I. INTRODUCTION
W HEN supporting broadcast transmissions in wireless communication networks it is possible to exchange some of the capacity of the good communication links to the poor ones and this tradeoff can be worthwhile as was shown in [1] . Hierarchical quadrature amplitude modulations ( -HQAM) constitute a very simple method to provide unequal bit error protection and improve the efficiency of a network when broadcasting information to several users. If the information is scalable (coded voice or video signals [1] , [2] ), several data streams can be transmitted simultaneously with different error protection levels and, depending on the propagation conditions, a given user can attempt to demodulate only the more protected bits or also the less protected bits carrying additional information. 16-HQAM and 64-HQAM constellations have already been incorporated into DVB-T standards [3] .
Due to the difficulty in dealing with multipath channels, instead of trying to obtain exact performance expressions for these environments it can be satisfactory to just have some analytical expressions representing an ideal performance that may not be possible to achieve in practice but can work as a very important benchmark for the evaluation of a specific receiver. The matched filter bound (MFB) is found assuming perfect channel knowledge and the transmission of a single pulse, i.e., no intersymbol interference (ISI) occurs, and can be regarded as a lower limit on the BER for a particular communication channel. Recently there was as a renewed interest in the computation of the MFB since the performance in severely time-dispersive channels with rich multipath propagation can be close to the MFB, provided that suitable equalization schemes are employed combined with diversity techniques. An example is the IB-DFE (Iterative Block Decision Feedback Equalizer) receiver [4] , [5] , which is a promising iterative frequency-domain equalization for cyclic-prefix-assisted block transmission schemes. MFB expressions for BPSK and QPSK transmission over multipath Rayleigh fading channels were obtained in [6] - [9] and were extended to QAM in [10] . In this paper we derive bounds for the BERs of the different types of bits (in terms of error protection level) in -HQAM constellations. The presented expressions are valid when we have receive diversity and time-discrete multipath Rayleigh fading channels, where the different paths and receive antennas can be correlated. While references [6] - [10] assumed slowly time varying channels (approximately constant channel during pulse duration period) in this paper we also deal with the more general case where this restriction is not applied. The paper is organized as follows. Section II describes the model of the communication system and gives a brief description of -HQAM constellations. Section III derives MFB BER expressions for slow and fast fading channels and Section IV presents and analyzes some numerical results. The conclusions are given on Section V.
II. SYSTEM AND CHANNEL MODEL

A. Hierarchical QAM Signal Constellations
In -HQAM constellations it is possible to have 1/2 − log 2 classes of bits with different error protection and to which different streams of information can be mapped. By using non uniformly spaced signal points it is possible to modify the different error protection levels. -HQAM constellations can be characterized by the ratios of the distances between the inner nested constellations [11] 
Assuming a normalized constellation (with average symbol energy = 1) it is easy to verify that the inner distances can be obtained as
In our analysis we assume that the parallel information streams are split in two, so that half of each stream goes for the in-phase branch and the other for the quadrature branch of the 0090-6778/10$25.00 c ⃝ 2010 IEEE modulator. The resulting bit sequence in each branch is Gray encoded and mapped to the respective √ -PAM constellation symbols. The symbols from the in-phase and quadrature branches are then grouped together forming complex -QAM symbols. The Gray coding for each √ -PAM constellation is performed according to the procedure described in [12] so that the correspondence between information bits and coded bits is the same as the one presented in that paper.
B. Channel Model
Let us consider the case of a transmission over an diversity branch multipath Rayleigh fading channel where different branches can have different fading powers. The corresponding transmit/receive block diagram is shown in Fig.  1 . Assuming a discrete multipath channel for each diversity branch composed of correlated discrete taps where the magnitude of each tap has a mean square value of Ω 2 , , the respective response at time to an impulse applied at − can be modelled as
where , ( ) is a zero-mean complex Gaussian random process, , is the respective tap delay (assumed constant) and ( ) is the Dirac function. Each channel tap autocovariance function can be expressed as [13] 
where 0 (⋅) is the zeroth-order Bessel function of the first kind and is the Doppler frequency. Regarding the crosscorrelation between different taps belonging to the same or to different diversity branches, no restriction is imposed, i.e., all the taps can be correlated.
III. MATCHED FILTER BOUND DERIVATION A. Slow Fading Channel
For the derivation of the MFB we assume the transmission of only one pulse . ( ), where is an HQAM symbol and ( ) is the impulse response of the transmit filter. Although ( ) can have unlimited duration typically it becomes almost zero outside a narrow interval, usually related to the symbol period. If the channel is slowly time-varying it can be considered approximately constant inside this interval and the sampled output after the matched filters, ℎ ( ), and the combiner becomes
where 0 is the sampling instant, ( ) is the autocorrelation function of the transmit filter and represents Additive White Gaussian Noise (AWGN) samples with power spectral density 0 . The instantaneous received signal to noise power ratio is given by = 0 , where is the average symbol energy and
The last equality in (6) is the matrix representation of with z being a × 1 (with = ∑
=1
) vector containing the random variables , , denoting the conjugate transpose and ∑ being a × Hermitian matrix constructed as a diagonal matrix composed of smaller × matrices ∑ whose elements are
For obtaining the MFB it is necessary to know the probability density function (PDF) of . In [9] it was shown that (6) can be rewritten as
where ′ are uncorrelated unit-variance complex Gaussian variables and are the eigenvalues ( = 1, .., ) of matrix ∑ ′ which is defined as
In (8) matrix Q is obtained from the decomposition of the covariance matrix of z as Cov[z] = QQ (using for example the Cholesky decomposition).
According to (7), can be expressed as a sum of independent random variables with exponential distributions. We can then apply the characteristic function method combined with partial fractions decomposition to obtain the PDF of . If there are ′ distinct eigenvalues each with a multiplicity of , ( = 1... ′ ), the following expression results for the PDF of :
Based on [14, eq. (10)] and using the constellation distance definitions provided in Section II.A (whose symbol energy is now multiplied by scale factor ) we can write the individual BERs conditioned on as (11), see top of next page, where we get (12) , also at the top of the next page, and
where erfc( ) is the complementary error function. Averaging (11) over the PDF (9) and taking into account that Fig. 1 . Baseband transmit/receive scheme.
with = √ / (1 + ) (see [15] ), we can write the individual average BERs as (14) , see next page, where
and sign( ) is the sign function (i.e., sign( ) = −1 for < 0, 0 for = 0 and 1 for > 0).
B. Fast Fading Channel
If the channel is too fast to be considered constant during the approximate pulse duration ( > 0.01, with being the normalized Doppler rate defined as = , where is the symbol period) then a different approach has to be employed for deriving the MFB since (5) will not be a valid representation of the output of the matched filters. To deal with the output of the matched filter we can split the convolution of the filter with the received signal into a sum of smaller integrals so that the channel can be seen as almost constant inside the resulting shorter time intervals (Δ ). Considering the existence of a single diversity branch ( = 1) (the extension to multiple diversity branches is straightforward), the sampled output becomes (a somewhat similar approach was also employed in [16] for simplifying a correlation integral)
it is the partial autocorrelation function of the transmit filter.
The total number of intervals is chosen so that ( ) ≈ 0 for | | > /2 ⋅ Δ . Variable is still given by (6) but the elements in z and ∑ are different. The former is defined as
Even if the different paths are uncorrelated some of the elements of z are always correlated, namely the ones belonging to the same taps, due to the inherent time correlation of the channel but we can apply the method of the previous section to make all the components of z uncorrelated. As for matrix ∑ it is still Hermitian and is built as a diagonal matrix composed of smaller × matrices
The subsequent derivation and final BER expressions are the same as the ones presented in the previous section.
IV. NUMERICAL RESULTS
Using the derived MFB expressions we evaluated the BER of several HQAM constellations in different conditions. In this study we considered the use of a root-square raised cosine (RRC) filter with a roll-off bandwidth factor = 0.22. The results obtained are plotted as a function of / 0 . Fig. 2 evaluates the effect of the correlation coefficient between taps,
, assumed the same for all the taps, on the performance of a 16-HQAM constellation with 1 = 0.4. The environment considered is the Vehicular A (from [17] ). As a reference the results for flat Rayleigh fading are shown in the same graph. Two groups of curves are shown: one for the most protected bits (MPB) and the other for the least protected bits (LPB). As expected, as the correlation increases, the performance degrades due to a loss of the diversity effect from the usage of the different taps. Nevertheless, this degradation is small until = 0.5 and even for higher correlation values, like 0.9, the performance is still relatively far from the flat Rayleigh environment (which does not have any diversity gain). Fig. 3 compares the MFB with the performance when an IB-DFE receiver [5] is employed. We consider a 16-HQAM constellation with 1 = 0.4 and a channel with 64 equal-power taps and 2 receive antennas. It is clear that the IB-DFE results are asymptotically close to the MFB.
Finally we wanted to evaluate the impact of the channel velocity on the performance of the constellations. To accomplish this it is necessary to employ the approximate MFB expressions described in Section III.B. Fig. 4 presents the results for several normalized Doppler rates, . The constellation is a 16-HQAM with 1 = 0.4 and the environment is Vehicular A with a Jakes spectrum assumed for the taps. The size of each partition interval, Δ , is chosen so as to guarantee that Δ < 0.01. Looking at the different curves we observe that the MFB performance of both bits start to improve substantially as the channel becomes faster. This is a consequence of the fact that, theoretically, in fast fading channels, each individual bit can obtain some diversity gain even without multipath. Although this might suggest that increasing the mobility of the user (or alternatively increasing the symbol period) automatically improves the BER, in practice for very high speeds the channel estimation is extremely difficult and these bounds become unattainable.
V. CONCLUSIONS In this paper we have derived MFB BER expressions for the individual bit classes of any hierarchical square M-QAM constellation in multipath Rayleigh fading environments with diversity reception. Expressions were obtained for slowly time varying channels as well as for fast varying ones and are valid for environments with correlated taps and for correlated diversity branches. Although MFBs have a deep theoretical nature, they are very important tools for several applications such as gauging the performance of a communication system or to provide a simple validation for efficient channel simulation techniques.
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